A theory of isospin asymmetric matter and of neutron star matter in particular, that is compatible with bulk nuclear properties, is formulated in the framework of a relativistic field theory and solved in the mean field approximation. The self-consistent conditions defining the sigma, omega, pion and rho fields are derived for the normal and the pion condensed states in explicit form for asymmetric matter, which is in chemical equilibrium, and with prescribed total charge.
I. Introduction
This paper formulates a relativistic field theory of dense isospin asymmetric matter. The solutions are developed in the mean field approximation and relativistic covariance is retained throughout. The theory by construction is sufficiently rich that it can be constrained by the four important bulk properties of nuclear matter, 1) saturation binding, 2) saturation density, 3) compressibility, and 4) the symmetry energy. In addition the constraints of fixed charge and stability with respect to chemical composition are imposed.
The theory is constrained by the known bulk properties of matter to insure a more reliable extrapolation to higher densities. The special application that we have in mind is neutron star matter, which is extremely asymmetric but not pure neutron.
In addition to the normal state, we study the pion condensed state, which previously we studied in symmetric nuclear matter. 1 The isospin asymmetry introduces additional theoretical and technical problems not present in the description of symmetric matter. The above set of constraints have never before been imposed on a field theoretic model of neutron star matter in the pion condensed state. Earlier work on field theories of dense matter and references can be found in several reviews. 2 The plan of the paper is as follows. In section II a Lagrangian is constructed based on interacting nucleons and mesons in the various spinisospin channels. The starting point is the Lagrangian that has been used extensively by Walecka, 3 which incorporates the isoscalar mesons a and w • To this is added interacting fields representing the isovector pion and ~ the rho meson. Special care has to be taken so as to avoid introducing an instability to arbitrarily growing fields. In section III the mean field -2-approximation is introduced and the self-consistency equations for the mean meson fields are derived. The stress-energy tensor is calculated in section IV, and the stability of the mean field approximation to our Lagrangian is confirmed. Various conserved currents are constructed in section V. In section VI we discuss a number of properties of the pion condensed state and the system in general that is described by our Lagrangian. In section VII we derive the quasi-particle eigenvalues and propagator and show how to construct the nucleon source currents that appear in the field equations, energy density and pressure, in terms of momentum integrals over the Fermi volume. Finally, in section VIII the solution of the mean field equations are summarized. 
II. Choice of Lagrangian
It is now widely believed that the fundamental description of matter is a relativistic field theory of interacting quarks and gluons. Nevertheless, at nuclear matter density this substructure does not play a dominant role.
Presumably, there is a critical density above which it does become important. However, at moderate density and momentum transfer, the exchange quanta giving rise to the interactions between the nucleons in nuclear matter can be represented by the exchange of mesons. In this regime, nuclear matter can be described through a field theory of interacting 7f nucleons and mesons in the various spin-isospin channels, (J ,I), such as + cr( 0 ,0), and the properties of matter can be characterized by the expectation values of the various nucleon current operators (la) where r is one of the operators, r = {l,yll,y 5 .y1Jy 5 ,cr1Jv} x{ 1.~}
In the normal ground state of spin-iso£pin symmetric matter, only r = 1 and y 0 have nonvanishing expectation values. In isospin asymmetric matter, the current corresponding to y T will also be finite in the ground state.
]J~
Above normal density additional currents may acquire a nonvanishing expectation value. The so-called pion condensate state corresponding to are examples that we focus on in this paper.
(lb)
We wish here to extend an earlier work 1 to asymmetric matter, with special attention to neutron star matter. The matter of neutron stars is unlikely to be pure neutron. Energetically, it is favorable for a small admixture of protons and electrons to be present, as an estimate based on free Fermi gases readily indicates, which estimate is strengthened by more refined calculation. 4 Therefore, we do not idealize this neutron rich matter as pure neutron but treat the complexity of general asymmetric matter, and the pion-rho condensate thereof.
In symmetric matter the nuclear matter constraints are the saturation density and binding and the compression modulus which lies in the range 200-300 Mev. 5 For asymmetric matter the neutron-proton asymmetry energy is an additional constraint that we impose, which will be used to determine the effective P-N coupling constant. For the density-temperature regime in which the nucleons do not dissolve into quark matter, the Lagrangian of matter has the general form
where £Free is the sum of the free Lagrangian for nucleon, a, w, rr, and p mesons and £int is a suitable interaction Lagrangian, which we now discuss.
A theory based only on the isoscalar mesons a and w~ was considered very early in nuclear physics 6 , and interest in this theory has revived in
give an excellent account of many single-particle properties of finite nuclei, including the charge density. spin-orbit interaction, single-particle states, and energy dependence of the optical potentia1. 7
Therefore, for these fields we take the interaction lagrangian The TI-N interaction is known to be attractive in the p-state, whereas the pseudoscalar coupling ( 5) is dominated by a large repulsive s-wave interaction. For this reason, both here and in our earlier work, we choose instead the pseudovector coupling ( 6) In our work on symmetric matter we ignored the p-meson altogether. Therefore, we find three conserved currents corresponding to the three directions in isospin space that are given by
where the sum is over all isovector fields (rr,p) or particularly
Now we introduce the rho meson interactions by coupling p 11 to the total isospin current. Two steps are involved in finding this current. First construct J•, corresponding to the Lagrangian£' described by (3), (4),
Because of the derivative terms in J' arising from the free Lagrangians of rr
and P in £•, the last term in (14) will generate additional contributions to the current. So these too must be included. The resulting Lagrangian is £ = £0 .
where J 11 are the three total isospin currents corresponding to £ (one for each isospin axis). They are
and the free field Lagrangians are
where (15h) The signs of the free field Lagrangians are chosen so as to yield a positive definite Hamiltonian density.
-9-
III. Self-Consistency Equations for the Mean Fields
The rather complicated Lagrangian (15) will be used to describe symmetric and asymmetric nuclear matter at densities up to some moderate multiple of the saturation density. By construction, it can and will be constrained to yield the four important bulk properties of nuclear matter The Dirac equation that follows from£ is
In infinite homogeneous matter, the sources for the a and w fields, <1j)( x) ' l /1 ( x) > and <1j}( x) Y~'l/1( x) > are in dependent of x, so the sc a 1 ar and vector fields are constants. However, because the TI-N interaction has its first important contribution in the p-wave, the pion field, if finite, will vary in space-time to exploit the interaction (the derivative coupling in£).
-10-Therefore, we investigate pion fields that are oscillating in space-time of the form n(x) = n (u cos kx + v x u sin kx) (2) where u and v are orthogonal unit vectors in isospin space. We will later specialize to a particular choice
in which case 
( 5)
Although the Dirac equation (1) depends on this space-time dependent field, it is readily seen that a new quasi-particle field defined by ( 8) -11-obeys a Dirac equation in which the space-time dependence of the TI field has been removed. It is ( 9) To eliminate the space-time dependence acquired by the last two terms as a result of this transformation, two choices are possible. The first is that ell is a space-time constant and perpendicular to the ~field, i.
-11 lJ -
The second is that p vary in space-time analogous to the pion field.
~11
However, the kinetic energy associated with this is unfavored by our lagrangian. For (10) , the Dirac equation for the quasi-particle fields
Now since all terms are space-time constants, the transformed fields can be chosen as eigenstates of momentum
where the eight-component spinor, U(p), satisfies
Here we have defined shifted momenta and an effective mass according to
This equation has the same appearance as Eq. 24 of ref. 1 for the Dirac field in symmetric matter. All that has changed is that k is replaced by K. Therefore, the Dirac propagator, which is the inverse of the operator in (13), has the same form as that determined in our earlier work, with the above substitution. Likewise the eigenvalue equation has the same form as before.
We now wish to derive the self-consistency conditions on the mean values of the fields that are imposed by the Euler-Lagrange equations derived from£ (15) with (2, 3, 10) . After some considerable algebra, these are found to be
The bracket < > denotes the ground state expectation value with respect to the Hartree state constructed from the lowest energy eigenstates of (13).
The expectation value of the 3rd isospin four-current in (II-15b), written now in terms of the quasi-particle operators lJ!v' is
For the ansatz (4), (10) the other two isospin components of Jll vanish as will be evident later. Therefore, our ansatz is consistent with£. 
In deriving the above and some later results, useful relations between then and e fields (2) and (10) are -2
From (18a) and (7b) it also follows that + -
This is used in the transformation of the term
IV. Stress-Energy Tensor
The energy density and pressures are given by the diagonal components of the stress-energy tensor. Its canonical form is 8
where~ denotes one of the fields~. a, w .... and the sum is over the fields. Thus
Taking the ground state expectation value of this, and expressing the nucleon currents in terms of the tranformed Dirac fields (III-8) we find an interesting structure for the stress-energy tensor, namely, where J 3 1J is one of the three isospin currents (III-16}, corresponding to the isospin 3-axis. While not manifestly symmetric, we will prove later that ~pv is in fact diagonal. The ground state expectation value of our Lagrangian (II-15), after exploiting the Dirac equation, is given by
The energy density is given by ~0 0
, namely,
We return now to the discussion initiated in section II concerning the stability of the system. Combining the k kp and p KP in r. we find after a The space-like parts of the four-vector products are all positive definite, which prevents all space-like components of the fields from growing large.
The time-like components have negative signs, but this is of no consequence, since they are connected to conserved quantities. As noted in (III-17), -16-
V. Conserved Currents
Noether's theorem and the construction of conserved currents was given in section II by equations (7-9). We have already constructed the three isospin currents. The ground state expectation of the third of these currents was given in (III-16). The other two could be obtained from (II-15b), but for our ansatz for the TI and p fields, they vanish identically. Now we construct two other relevant currents, the baryon current and the total charge current. we calculate the charge current
-17-Transforming to the quasi-particle fields, and using (III-18, 20) (6) Referring to the isospin current (III-16), we find, as expected,
whose time-like component is ( 8) where q denotes the charge density and PB the baryon density. construction it is a function of the generalized coordinates and momenta, whereas£ is a function of the coordinates and their space-time derivatives. shows that the frequency of the pion condensate is given by the chemical potential 11TI, as was first shown by Baym and Flowers. 10 We see that (in accord with our convention III-(4)),
( 6) ko = -l.ln
The mean pion density pTI can be calculated using (1,2) and (III-20), The first term on the right of (11) can be evaluated from (IV-4). The second can be evaluated by noting that p 0 can be replaced through the Dirac equation (III-13) by the Dirac Hamiltonian for the quasi-particles,
Let the sum of the occupied Fermion quasi-particle eigenvalues be denoted by
The last term vanishes at constant baryon density. Hence (11) yields as the condition on·k that yields the lowest pion mode of the medium (consistent with the ansatz that the condensate is a plane wave).
According to (III-16), an immediate consequence of (15) is that the space part of the isospin current ·vanishes. This result, which is here derived explicitly from the condition {9), is a particular expression of a general theorem, 9 that the ground state expectation of those three-currents corresponding to conserved quantities must vanish. In this case, it is the total isospin that is conserved. The vanishing of the spatial part of the isospin current tells us through (III-15d) that pi = 0 (i ::: 1,2, 3) Another condition that we must impose, to find the ground state, is
(15)
We have seen already that k 0 is connected to the pion chemical potential, and the above condition imposes chemical equilibrium. Condition (17) yields the identity contained in the~= 0 component of (III-16). This is not devoid of content because through (V-8) it reads (18) where q and PB are the externally chosen charge and baryon density.
-22-
The theorem, quoted above, could be invoked to assert the vanishing of the baryon current and the total charge current. However, it is also instructive to see explicit proofs. Let us denote the eigenvalues of the Dirac equation (III-13) by P 0 = E (p) where K is a label characterizing K ~ the spin-isospin. In the next section we will construct explicitly the eigenvalue equation, but it is not needed at this point. From the Dirac equation (III-13) we can write for a single-particle state characterized by p, K, for which we denote the creation operator by a;K'
where we recall (III-l4a) in writing the connection p 0 = P 0 + gww 0
• Take a derivative with respect to w 0 to get the normalization condition
Next take a derivative with respect to a component of momentum P;, to obtain Hence our ground state expectation value of yi is
where
e(x) = 1, x > 0, e(x} = o,
The integration is over the occupied momentum region up to the Fermi energy, EF. The integral vanishes because of course EK(p) is equal to the Fermi energy everywhere on this surface. Hence, we have proven, according to (V-2) that the spatial components of j~ vanish. The vanishing of the baryon current in the ground state also tells through (V-7) that the total charge current vanishes, since we have already proven that the total isospin current vanishes. A further consequence of the vanishing of the baryon current is
as follows from (III-15b}.
There is yet another consequence of the vanishing isospin current. The diagonal space components of the stress-energy tensor (IV-3) assume the form
More than this, all three components can be proven equal (isotropy of pressure in the ground state) as now shown. Using (21) we can write
where P;> and P;< are the upper and lower values of P; on the momentum surface located at PjPk· On this surface EK equals the Fermi energy E~, which then can be taken out of the integral as a common factor. The ' difference (P;>-P;<) can be converted back to an integral on P; so
-24-where P 8 denotes the baryon density. The right side, being independent of the index i, tells us through (25) that all three diagonal space components of '~v are equal, and they are the pressure,
provided that the stress-energy tensor is diagonal. We now prove this to be the case. First examine
From (15) the last term vanishes. From (21) the first is
The integral vanishes because EK is equal to the Fermi energy on the surface bounding the region of integration. This proves that ~0 vanishes. The proof that ~i vanishes is more involved. We first use (30) and replace p 0 by H 0 since our ground state is an eigenfunction of H 0 . Denote the four roots, P 0 , byE± for the particle states and E± for the anti-particle states so that
The four-fold spin-isospin degeneracy of free nucleons is partially lifted through the interactions. The + and -levels are doubly degenerate.
The nucleon propagator for the transformed Fermions can be written
From these results we can now state how to calculate the source currents. 
The integration is over the momentum region defined for each integral,±, by
where EF denotes the Fermi energy. From the defining equation for the eigenvalues, (1), it is evident that the Fermi surface is not a sphere but that it has axial symmetry along the direction K. In general this surface does not have reflection symmetry through the plane P 11 = ~·~11~1 = 0, except when K 0 = 0, which corresponds to symmetric nuclear matter. 1 Because of this symmetry, integrals over odd powers of components of momentum perpendicular to K vanish. In symmetric matter, (K 0 = 0), an integral over an odd power of ~I also vanishes.
According to (7) we need to evaluate certain traces of operators that appear in our source currents with the numerator, N, of S given by (6) . ( 8) These traces can be evaluated using the properties of the Dirac matrices . This alternative direct approach, which is suitable for mean field theories, will be elaborated elsewhere.
-29-
VIII. Summary of the Problem
We are now in a position to state precisely how to calculate the properties of matter that is described by our Lagrangian (II-15). The quantities that one must solve for, at given charge and baryon densities, are the mean meson fields, the pion frequency and wave number, and the Fermi energy of the quasi nucleons, cr, TI, w 0 , p 0 , k 0 , 1~1, EF. We have seen already that the space-like part of w~ and p~ vanish. When the seven quantities mentioned above have been determined at chosen electric charge and baryon density, then the energy density and pressure can be calculated from the expressions given in section VI.
In the case that this theory is applied to neutron stars, then electrons also must be added to the system. They may be added as free Dirac particles since their interaction with the hadrons is only through the electro-weak A numerical application of the theory to isospin asymmetric matter and neutron stars will be presented elsewhere.*
